This second part of a two-part paper presents the experimental verifications of the Multicell Volume of Fluid method developed in the first part. The calculated results are compared with measurements performed for a medium frequency of about 0.4 kHz in an induction crucible furnace, at the low industrial frequency 50 Hz in an inductive rotational stirrer and at higher frequencies of about 30 kHz in an electromagnetic levitation device. Thus, the verifications were realized in these three laboratory setups for different values of the penetration depth of the electromagnetic field and also for different turbulent molten metal flows with one or two free surfaces. The computational results show a good agreement with the experimental data.
Introduction
In this second part of a two-part paper, the accuracy of the Magneto-Fluid Dynamic (MFD) Multicell Volume of Fluid (MC-VOF) method developed in the first part is verified by comparisons of computational results with measurements in three laboratory devices.
The laboratory setups: an Induction Crucible Furnace (ICF), a rotational Electromagnetic Stirrer (EMS) and an Electromagnetic Levitation (EML) melting device were chosen, so that the corresponding MFD fields with 1) different ratios of the electromagnetic field penetration depth, δ , and a characteristic dimension of the melt volume and 2) different inductively driven turbulent flows with different free surface profiles were produced.
The MFD fields were two-dimensionally (2D) calculated in cylindrical coordinates (r, ϕ, z) by using the Finite Difference (FD) method for staggered grids in the r-and zdirections.
Laboratory ICF
A first experimental verification was performed by employing the test ICF described in Table 1 and Fig. 1 , 1, 2) for which the penetration depth of the electromagnetic field have a small value, δ = 2.56 cm, relatively to the outer melt Table 1 . Characteristics of the laboratory ICF (Fig. 1) . 1, 2) frequency, r.m.s. value of the inductor current (I) By the partially filling of the nonmagnetic crucible with molten Wood's metal, an intensive turbulent flow characterized by one large eddy 4 was inductively driven, its strongly deformed free surface being suitable for experimental verifications.
2)
The presented MFD MC-VOF method is not used in the commercial codes available for the electromagnetic field and flow simulations. Therefore, the method was implemented in a self-developed computational program in FOR-TRAN, by applying the FD method for a 40 × 120 grid in the r-and z-directions.
In the numerical simulation of the transient MFD field at inductor feeding, the inductor was considered to be supplied at the time t ≥ 0 with a sinusoidal current of constant r.m.s. value, I, given in Table 1 . In Fig. 1, 2 represents only the inner walls with the thickness, c, of the inductor copper tube with rectangular profile. The equation of the complex azimuthal magnetic vector potential was solved assuming that the total current of the inductor, nI, is distributed only over the area of the inner tube walls with a density equal to ( A calculated evolution in time of the middle bath height is shown in Fig. 2 . The steady flow and free surface were determined in the MFD simulation as the final solution at t = 20 s of the transient flow.
From the melt heights of the steady free surface visually determined by using a contact method 2) results for the deformed free surface in the partly filled crucible a bath level difference, D, of about D = 17.7 mm (Fig. 3) . By utilization of the commercial ANSYS package for the 2D computation of the steady electromagnetic field, Lorentz forces, flow field and free surface, respectively, by applying the stationary k-ε model and the classical VOF method, wavy surface shapes were calculated in Ref.
2) with an approximate deformation of D = 7 mm, which is more than two times lower comparing to the measured height difference.
With the MFD MC-VOF method, implemented with the unsteady k-ε model in the self-developed computer program, a smooth free surface profile with a more accurately calculated bath level difference of D = 15.7 mm was determined as can be shown in Fig. 3 , where also the distorted surface shape computed (as was mentioned in the paper's first part) by using in the S cells the usually reduced electrical conductivity (EC) Fσ 3) instead of the melt's EC σ is represented, F denoting the VOF function. The curves in Fig. 3 were drawn by joining the middle points of the line segments resulted from the free surface reconstruction by the SLIC method.
Rotational EMS
For the experimental verification of the simulation algorithm also in case of a larger penetration depth of the electromagnetic field, a rotational 50 Hz EMS with Wood's metal (Fig. 4 ) described in Table 2 and Fig. 5 4) was used, for which δ = 7.1 cm is relatively large, i.e. the δ-value is close to the outer radius of the fluid, R = 7.5 cm.
In rotary stirring with the industrial frequency, the elec- tromagnetic field and force density can be analytically determined, 5) when the components of the Lorentz force exerted on the melt at a point P (Fig. 5 ) of coordinates r and z result as: 6) . (2) where, s and ω are the slip and the supply angular frequency, B s denotes the r.m.s. value of the radial magnetic induction at the secondary surface of radius R s and C represents an end effect factor considering the finite heights of the inductor laminated core, 2h, and of the secondary (vessel bottom and molten metal), h + z s , respectively, z s being the axial coordinate of the surface point corresponding to point P (Fig. 5) . The expressions of the factor C depending on z and z s are given in the Appendix A of this paper.
The induction B s is calculated by the r.m.s. value of the inductor line current density, J l , as follows: 5, 6) .................. (3) in which, k B represents a reduction factor considering the reaction of the eddy currents induced in the Wood's metal and the nonmagnetic steel vessel, determined for the effective magnetic Reynolds number (4) where, Cend denotes the mean value in axial direction of the end effect factor C, computed by the effective radius of the secondary, Reff, in a rotational two-pole magnetic field: 6, 7) ........ (5) In Eq. (3), m = 3 is the number of phases, nw the number of series turns per phase of the winding, kw represents the winding factor, I the r.m.s. value of the phase current and Ri the inner radius of the inductor magnetic core.
The turbulent melt flow was calculated using an anisotropic version of the k-ε turbulence model developed for rotational flows 6, 8) on the basis of the results obtained with the algebraic Reynolds stress model. 7) This version uses the equations of the usual k-ε model in which only the shear stress, τrφ, and the production term, Prφ, depending on r and the azimuthal velocity, vφ, are modified: (7) k and ε being the turbulence kinetic energy and the rate of dissipation and c μ = 0.09, a = 0.2. To avoid an excessive reduction of the turbulent viscosity ν tF , the limitation F v ≤ 10 have to be used in applying the Eq. (7). 6) Like the MC-VOF method, also the anisotropic version of the k-ε model is not used in the commercial codes available for the flow modelling and therefore, the Eq. (2), the unsteady anisotropic version of the k-ε model and the MC-VOF method were implemented in a second computational program destined for the simulation of MFD rotational flows by applying the FD method for a 76 × 120 grid in the r-and z-directions.
The azimuthal velocities were measured in the horizontal middle plane at z = 0 (Fig. 5 ) of the EMS: for r ≥ 3 cm mechanically using wheels with blades and for r < 3 cm electromagnetically with permanent magnet sensors. 4, 6) The calculated velocity distribution with the anisotropic k-ε model and the MC-VOF, 1, shows a good agreement with the measurements in Fig. 6 , where also the inaccurate velocity distribution computed by using the MC-VOF method and the usual k-ε model, 2, is represented.
A precise measurement of the free surface profile was not possible because of the intensive stirring with high velocities up to 0.7 m/s generating unstable fluctuations of the oxide film at the free surface. Only the difference, D (Fig.  5) , of the melt heights at r = R and at r = 0, respectively, where the surface velocity components vanish, was accurately measured resulting D = 5.2 cm.
6) The level difference D = 5.35 cm of the free surface contour, 1 (Fig. 7) , calculated with the MC-VOF method and the anisotropic k-ε (Fig. 5) . Symbols -measured values; 4, 6) lines -calculated curves using the MC-VOF method and: 1, the anisotropic version of the k-ε model with the Eqs. (6) and (7); 2, the k-ε model.
model is likewise much closer to the experimental value than the difference D = 3.4 cm of the curve determined by using only the usual k-ε model, 2.
EML Melting Device
A third and fourth verification were carried out by a comparison with the free surfaces of levitated melts in the EML device described and Table 3 and Fig. 8 . 9) Its magnetic field, with horizontal field lines in the absence of a metallic charge, is generated by two coils, C1 and C2, wound on a ferrite magnetic core, M. In a vertical quartz tube filled with argon, AlMgSiPb-alloy samples were levitated and melted in magnetic fields with frequencies of about 30 kHz, when the penetration depth in the melted samples, δ = 1.5 mm, is small in comparison with their outer radii, e.g. the inner radius, R, of the quartz tube for the sample in Fig. 8 .
In the electromagnetic calculation, the inductor magnetic core was considered to be cylindrical with the inner radius, R i (Fig. 9) , and to have an infinite magnetic permeability. As in the theory of electrical machines, 10) the non-axisymmetric sinusoidal magnetic field, which should be three-dimensionally computed, was decomposed in two counter-rotating waves. These two-pole waves can be advantageously 2D calculated in the r-and z-directions, 11) because for a rotational magnetic field in ϕ-direction, to the derivative with respect to ϕ of a sinusoidal quantity corresponds only the multiplication of its complex representation by (-j) with After the rotational fields computation, the distributions of the non-axisymmetric field quantities and forces are determined by superposition, i.e. by summation of the quantities and forces calculated for the two waves.
Each of the two rotational magnetic fields was calculated for r ≤ R (Fig. 9) by the magnetic vector potential, A, and for r > R by the magnetic scalar potential, ψ, as follows.
11)
For r ≤ R, only the components A r and Az of the complex magnetic vector potential were determined at the points of a staggered grid by numerical solving the equations ........ (8) where, for the vector Laplacian 12) the conservative form 13) of its components given in the Appendix B of this paper have to be used, in order to avoid distortions of the calculated near-axis magnetic field. In Eq. (8), the electric field due to motion was neglected, a source current density don't appear because the inductor is placed outside the domain r ≤ R (Fig.   9 ) and V is an electric potential computed inside the melt as the solution of equation ΔV = 0. The third component of the vector potential, A ϕ , is directly calculated from the Coulomb Fig. 7 . Calculated profiles of the steady free surface in the laboratory EMS by using the MC-VOF method and: 1, the anisotropic version of the k-ε model with the Eqs. (6) and (7); 2, the k-ε model. For r > R, the complex magnetic field intensity may be determined in the following form: 14, 15) ........................... (10) in which, He = urHe designates a magnetic field intensity inside the winding end parts (Fig. 9) , ur being the unit vector in r-direction, and the complex magnetic scalar potential is obtained by numerical solving the equation resulted for the source-less field (10) 15 On the inner face of the inductor magnetic core, at r = R i (Fig. 9) , the boundary value of the magnetic scalar potential, , is given by 11, 15) . At the interface r = R between the domains in which the magnetic field is computed by the magnetic vector and scalar potentials, the four boundary values of ψ and the three components of A are determined from the continuity of the three components of the magnetic induction and by the Coulomb gauge (9), respectively.
The decomposition of a non-axisymmetric sinusoidal electromagnetic field in two opposite revolving waves is also not implemented in the commercial codes and therefore, the presented A, V-ψ calculation, the unsteady k-ε model and the MC-VOF method were implemented in a third self-developed program destined for the simulation of inductively levitated melt flows by applying the FD method for a 66 × 125 grid in the r-and z-directions.
Semi-Levitation Tests
In the vertical quartz tube (Fig. 8) , Al-alloy samples of 18 mm diameter and 40 mm height were melted in semilevitation, i.e. that after their melting, the samples lean upon the inner tube wall (Fig. 10 and Table 3 ).
A validation of the MC-VOF method was obtained by the following results: 1) the practical horizontal form of the calculated lower free surface (Fig. 11) which was observed in the experiments; 2) for the measured as well as for the calculated distance in vertical direction, e, between the lower horizontal free surface and the upper edge of the magnetic core the same value of e = 1 mm was obtained (Fig. 11) . Also a comparison between the upper free surface calculated by the MC-VOF method and the photograph of the experiment (Figs. 11 and 10(b) ) are in good visual agreement.
Entirely Levitation Tests
To obtain an entirely melt levitation without its leaning upon the inner wall of the quartz tube, the experiments were performed with smaller samples of 15 mm diameter and 8 mm height. Because the sample position in the nonaxisymmetric magnetic field is unstable, i.e. it is horizontally displaced from the symmetry axis in a direction normal to the field lines, four supplementary pole pieces P were employed (Fig. 12) by which the lateral magnetic fields are enhanced and thus, the sample position is stabilized on the axis ( Fig. 13 and Table 3 ).
Also for this tests, the validation of the MC-VOF method was obtained by the following results: 1) the horizontal form for r ≤ 6 mm of the calculated lower part of the free surface (Fig. 14) which corresponds to the observed surface form in the experiments; 2) the calculated distance in vertical direction between the upper edge of the magnetic core and the lower horizontal free surface section, e = 1.5 mm (Fig. 14) , is close to the measured distance of e = 1 mm; 3) for the calculated outer radius of the levitated melt was obtained a value of 9 mm (Fig. 14) which is close to the visually measured radius of 8.6 mm. Also in this case, a comparison between the calculated upper surface and the photograph of the experiment (Figs. 14 and 13) shows a good visual agreement. Note, that the solid sample sinks in the experiments during its heating and melting with about 4 mm, because the electrical conductivity and the electromagnetic lift force acting on the sample decrease with rising temperature.
Two-Frequency EML Melting and Coreless Flow Rate Control
In conventional axisymmetric melting furnaces with EML, force distributions are produced at which the Lorentz force vanishes on the z-symmetry axis.
16) The melt outflow and leakage can be hindered in the lowest point on the axis of a levitated sample only by its surface tension and therefore, the charge weight is limited. Even by a two-frequency supply of the inductor's winding divided into a heating and a levitation coil, an EML force cannot be produced on the axis of the melting furnaces without crucible 17) or with a cold crucible, 18, 19) respectively. The EML force density vanishes also on the axes of conventional electromagnetic valves and consequently, valves with inner refractory 20, 21) or ferromagnetic 22) cores supported by complicate holding arms have to be used.
A new method to exert EML forces along the z-axis is the usage of two homogeneous magnetic fields of different frequencies, whose field lines are in absence of a charge horizontally and reciprocally normal. 23) In a metallic sample an axisymmetric Lorentz force field is produced, in which a lift force is exerted also in the lowest point on the melt's axis and therefore, the weight of the levitated charge can be increased. 11, 23) In the axisymmetric force filed, the sample position is axisymmetrically stabilized, even for charges of greater weights. The frequencies of the two magnetic fields must be different in order to not produce a rotational field.
The two magnetic fields can be generated by two singlephase windings embedded in the axial slots of the magnetic cores shown in Fig. 15 . The new levitation method can be used for the melting furnaces without crucibles ( Fig. 15(a) ) or with cold crucibles (Fig. 15(b) ), when the crucible is composed of several annular wall-segments or of a single, helical wound copper tube, as well as for the coreless induction valves (Fig. 15(c) ).
23)
The presented MFD MC-VOF method will be developed further in the coming years for this new melting method, by its extending to the simulation of the complex flows in the entirely levitated melts of greater weights. For the initial purposed investigations of the method's applicability, the MFD field of a levitated melt in a two-frequency device with the characteristics given in Table 4 was calculated, for which the predicted Lorentz force distribution is represented in Fig. 16 showing that inwards acting electromagnetic forces are exerted also on the upper part of the free surface, stabilizing the sample position also in the vertical direction, without the usage of a supplementary upper coil as in the conventional EML devices. 
Conclusions
In the first part of this two-part paper, an MC-version of the VOF method has been developed for the modeling of MFD free surface flows. The experimental verification of the numerical algorithm was performed by comparison of the calculated results with measurements in three laboratory setups presented in this paper's second part. The applicability and generality of the mathematical model were tested for four different non-, semi-and entirely levitated melt flows, which were inductively driven in stationary mono-or rotational three-phase magnetic fields of a low (industrial), a medium or a higher frequency, respectively.
To the simulation's improvements presented at the end of Part I will be given some explaining details concerning the calculations performed for the experimental validation of the numerical model, as follows.
(1) The electromagnetic, force, flow and turbulence fields were simply computed considering the S cells as being completely filled with melt, when the complicate procedures used e.g. in the Refs. 24-28) to determine the physical properties in the S cells are avoided. The usage, e.g. of an F-reduced electrical conductivity in the S cells instead of the whole melt conductivity yields a wrong free surface (Fig. 3) .
(2) By applying the MC-VOF method with precisely determined time steps, the simulated unsteady free surfaces were strictly volume conserving displaced, without the rounding of the F-values used in the Refs. 26-28), thus resulting volume errors below 0.01% even after a number of time steps in order of 10 4 . (3) As can be shown in Figs. 3, 7, 11, 14 and 16 , by the inward gathered reconstruction of the free surfaces, unphysical holes in the fluid volume and separated droplets were numerically not created. The calculated surface contours are precisely defined, i.e. sharp, not blurred 25) or vague.
26-28)
Therefore, the complicate usage for each computational time step, either of an artificial time step to correct by a supplementary advection the VOF-values, 24, 25) or of non-linear functions of the index function for the physical properties in the transitional interface, [26] [27] [28] by which the melt mass is in the surface cells no more proportional to the melt volume, is not required.
(4) By applying the VOF method for the melt in nonoverlapping MC-blocks, also the possibility of multiple fluid fluxing during a time step is eliminated and the method was easily applied in cylindrical coordinates for the simulation of axisymmetric MFD free surface flows.
The calculated results show a good agreement with the measurements in the laboratory setups. The MC-VOF method will be further extended to the simulation of the more complex flows and free surface profiles resulted by using a new method of electromagnetic levitation melting in two-frequency magnetic fields. 
Appendix A End Effect Factor for the Lorentz For in Rotary Stirring
For a low frequency rotational two-pole electromagnetic field in an EMS (Fig. 5): 1) considering the r.m.s. values of the radial and azimuthal components of the magnetic induction Br = Bϕ = B to be constant for and equal to zero for z > h, 2) calculating analytically the density of the currents induced in the secondary only by the Faraday's law and 3) imposing the axial current density to be Jz = 0 at the lower boundary z = -h and at the free surface z = zs, one obtains for the force densities fr = -JzBϕ and fϕ = JzBr the following end effect factors used for -h ≤ z ≤ zs in Eqs. (2) 
Appendix B Conservative Form of the Vector Laplacian in Cylindrical Coordinates
A differential field equation is written in a conservative form, if its approximation for two neighbouring grid points furnishes two FD equations which, multiplied by the grid cell volumes, contain at the inter-cell boundary, the same intermediate term with different signs. by which a distorted magnetic field is computed near the symmetry axis.
